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There is one number JN that 
fulfills all conditions on some 
path through this flowchart. 
Find the path and the number. 











There are eight paths: 148, 158, 159, 258, 259, 269, 369, and 379. The number is | 125 |, and the path is | 258 |. 




















Path 148 


Can N be triangular, 1 + a prime, and a multiple of 5? 
If N is triangular, then there exists an integer n > 0 such that N = n(n + 1)/2,so that 


n(n + 1) me 2) 1 


N-1= 
2 





which is clearly composite whenever both n + 2 and n — 1 are > 2; ie., when n > 3. So the first two conditions 
restrict N’s possible values to 


n+1) 


N= nt 5 for né {1, 2,3}; ie., N € {1,3, 6}. 


None of these are multiples of 5, so the third condition is incompatible with the first two. Therefore this path has 











no solutions |. 
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Paths 158 and 159 


Can N be triangular, 4 + a square, and (an odd square or a multiple of 5)? 
From the first two conditions, we want integers n, k such that 


n(n +1) 
2 


N= and N=4+k?, 
which when combined yield 
n(n +1) =8 + 2k. (1) 


We can complete the square to obtain 
(2n + 1)? — 8k? = 33, 


which is a generalized Pell equation in the variables 2n + 1 and k. The solutions of such equations can be found 
algorithmically via the Lagrange-Matthews-Mollin algorithm. A consequence of this algorithm is the fact that to 
check whether the generalized Pell equation 

g’?— Dy? =F 
has integer solutions, for positive integers D, F such that D isn’t square, it suffices to check whether there are any 
integer solutions with 0 < « < L, where 


t+1 
L=\/~—~—-F 
2D 
where t is the x-coordinate of the smallest positive solution of 
a? — Dy? =1. 


We have D = 8 and F = 33, sot = 3, so |L| = |V8.25| = 2. Checking all possible x-values in the interval [0, 2] 
finds no solutions of z? — Dy” = F, so this equation has no integer solutions. 


So there are no integer values of 2n + 1, k such that (2n + 1)? — 8k? = 33. Therefore no triangular number is four 
more than a square number. Therefore these paths’ first two conditions are mutually exclusive, so these paths have 





no solutions |. 











Less algorithmically, we can look for a modular obstruction. A direct search finds that the smallest such obstruction 
happens modulo 9: the possible residues of the LHS modulo 9 are {0, 2, 3,6}, while the possible residues of the 











RHS are {1, 4,7, 8}. These sets are disjoint, so no solutions exist modulo 9, so | no solutions | exist at all. 





Path 258 


Can N be cubic, 4 + a square, and a multiple of 5? 


If N is a cube and 4 + a square, then there exist integers x, y such that N = x? = 4+ y?. This is a Mordell equation, 
and (as we show below) its only solutions in the integers are (x,y) € {(2,+£2),(5,+11)}. This yields potential 
N-values of 8 and 125. The third condition eliminates 8, but | 125 | survives this path. 


























We now solve the Mordell equation y? = x? — 4. 


Reducing y? = x? — 4 modulo 2, we see that x and y must be both even or both odd. We rewrite the equation 
as 

a? = (y+ 2i)(y — 2%). 
Aided by the fact that the Gaussian integers Z[i] support unique factorization, we now show that y + 2: in this 
equation are cubes. We have two cases: x, y are both even, or they are both odd. 





Case 1: x, y are odd. 


Let g be the GCD of y + 2%. Then g divides their difference, 47, so N(g) divides N (47) = 16. Since N(g) 
also divides N(y + 2i) = y? + 4 = x3, which is odd, we must have N(g) = 1,s0 g is a unit, so y + 2i are 
coprime in Z{i]. Since Z[i] supports unique factorization, and since (y + 2i)(y — 2i) = x?, we therefore 
have that y + 2i are both cubes. 
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Case 2: x, y are even. 


If x and y are even, then there exist integers p and q such that 2p = x and 2q = y. Substituting into 
y* = x? — 4and dividing by 4 yields 
q? = 2p? -1. 
Therefore q is odd. If pis even, then 4 | 2p*, so reduction modulo 4 yields 
q’ = 2p? -1=-1 (mod 4), 


but —1 is not a quadratic residue modulo 4, so q? = 2p? — 1 has no solutions with p even. Therefore p 
must be odd. We can rewrite the equation as 


2p* = (¢ + 4)(q— 3). 








Now the norms of the factors on the right are N(q+7) = q? + 1. Since ¢ is odd, this is even, so 2 | (q¢+i). 
Since 2 = (1 + %)(1 — 1), we therefore have that (1+ 7) | (¢+1%),so (¢+i)/(1+7) € Z[i]. Dividing the 
equation by 2i = (1+ i) yields 

















ees 2) 
1+i 14+7 


Now let g be the GCD of the factors on the RHS. Then N(g) divides the norm of these factors’ differnce, 


which is ; ” 
qti q-i a . 
(fe: —) (5) ee 


Furthermore, V(g) must divide (2)’s LHS’s norm, N (—ip*), which since p is odd must be odd. Therefore 
N(g) must be a unit, so the factors are coprime in Z/i]. Since they multiply to a cube and since Z[i| 
supports unique factorization, the factors themselves must be cubes in Z{i]. Finally, we multiply them 
by a cube to obtain 


(ip) 














; qat (i—1)4 
ae re G—-DG+1 




















pen ae 4) =yt 21. 





So y + 21 are cubes in Z[i]. 





This ends the casework. Now since y + 2% is a cube in Z/i], there exist rational integers m,n such that 
y + 2i = (m+ ni)® = (m? — 3mn?) + (8m?n — n°) i. 


Equating real and imaginary parts yields 


























y = m(m? — 3n”) and 2 = n(3m? — n?). (3) 
From the second equation, we see that n divides 2,so n € {+1,+2}. 
Ifn = +2, then 2 = (+2) (3m? — (+2)?) so that m = +,/+5/3. 
If n = +1, then 2 = (+1) (3m? — (+1)?) so that m = +1. 
If n = —1, then 2 = (—1) (3m? — (—1)?) so that m = £\/-1/3. 
If n = —2, then 2 = (—2) (3m? — (—2)?) so that m = +1. 
Putting these values into the first equation in (3), we see that the n = +2 and n = —1 options do not produce 








integer solutions for y, so we are left with (n,m) € {(1, +1), (—2,+2)}. 








If (n,m) = (+1, £1), then y = (£1) ((+1)? — 3(+1)?) = # 2, in which case we have x = #/(F 2)? +4=2. 























If (n,m) = (—2, +1), then y = (£1) ((+1)? — 3(—2)?) = #11, in which case we have x = ¢/(#11)? +4 =5. 
So the solutions of y? = x? — 4 are (x,y) € {(2, +2), (5, +11)}. 
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Path 259 


Can N be cubic, 4 + a square, and an odd square? 


In path 258, we found that the first two contions amount to the constraint NV € {8,125}. Neither option is square, 











so the first two conditions are incompatible with the third. Therefore this path has | no solutions |. 





For a more elementary proof, we need only consider the last two conditions: to satisfy them, we must find an odd 
square that is 4 more than another square number. Now the squares get more spaced out the higher we go—in 
fact, the difference between two consecutive squares is 


(n+1)? —n? =2n +1. 


So all squares greater than 2? = 4 are more than 4 units away from their nearest neighboring squares, so it suffices 
to examine all squares < 4. Doing this reveals that the only squares that differ by 4 are 0 and 4. Neither of these is 











odd, so the last two conditions are mutually incompatible. Therefore this path has | no solutions |. 





For yet another proof, we note that resolving the last two conditions amounts to finding a pair of integers x, y such 
that 
(Qe+1)? =4+y’, 


which can be factored as 
Qe +1+y)(2c+1—y) =4. 


Since we want z,y to be integers, the factors on the left must be integers and must therefore be divisors of 4. 
Finding «, y therefore amounts to finding integer solutions to any of the following pairs of linear equations: 











4=2¢+1+y 27+1—y=1 
2=2+1+y 2e2+1l—y=2 
1l=2r+1+y 227+1—y=4 
—-4=2¢+1+y 22+1l—y=-1 
—2=2¢@+1+y 2e2+1l—y=-2 
-1=2r4+1+4+y 27+1—y=-4 





Their solutions, in order, are (x,y) = (2, 3), (3,0), (?,-3), (-4,—-3), (—2,0), and (—1, 3). None of these points 


are integer points, so this path has | no solutions |. 














Path 269 


Can N be cubic, perfect, and an odd square? 


If anumber is cubic and an odd square, it must be an odd sixth power. So we want odd perfect numbers that are 
also sixth powers. A theorem of Euler asserts that any odd perfect number must be of the form 


N = pm’, 
where 
peP, ptm, and p=a=1 (mod 4). 


Therefore N contains a prime number whose exponent is 1 modulo 4. The multiples of 6 are congruent to 
0 or 2 modulo 4, so N contains a prime factor whose exponent isn’t a multiple of 6. Therefore N is not a 
sixth power. Therefore the first and third conditions are incompatible with the second. Therefore this path has 











no solutions |. 
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Path 369 


Can N be a prime power, perfect, and an odd square? 


If N is even and perfect, then by the Euclid-Euler theorem it is of the form 2?~!(2? — 1), where 2? — 1 is prime. 
Therefore N has two distinct prime factors (2 and 2? — 1), so it is not a prime power. Therefore the first two 
conditions are mutually incompatible for even N. 


If N is odd and perfect, then by a theorem of Nielser|'| N must have at least 10 distinct prime factors, so N cannot 
be a prime power. Therefore the first two conditions are mutually exclusive for odd N. 











Therefore the first two conditions are mutually exclusive for all N, so this path has | no solutions |. 





Alternatively: For the prime power p* to be perfect, we must have 


pe=1l+p+---+p*t. 


Since k > 1, reduction modulo p yields 
0=1 (mod p), 











which is clearly false, so this path has | no solutions |. 





Path 379 


Can N bea prime power, have a totient that is a prime power, and be an odd square? 
If N is a prime power, then there exists a prime number p and positive integer k such that N = p*. If ¢(N) is also 
a prime power, then there exists a prime g and positive integer ¢ such that ¢(N) = gq‘. Thus we are looking for 
primes p, g and positive integers k, @ such that 

o(p") = g 

p'(p-1)=¢° 

Since q is prime, we must have p*~! | ¢°. Therefore p = q and ¢ > k — 1. Thus 

p-l=p" 
for some integer n > 0. If n > 0, then reduction modulo p yields 


—-1=0 (mod p), 


which is clearly false. Therefore n = 0,s0 p = 2. SON = 2* for some integer k > 2. Therefore N is even, and 
therefore cannot be an odd square. Therefore the first two conditions are mutually incompatible with the third, so 











this path has | no solutions |. 











2019-08-13 / 14:04:51 Page 5 of | 


